For the first time a numerical procedure for computing the Solomon echo amplitudes of half-integer quadrupole spins ͑Iϭ3/2, 5/2, 7/2, and 9/2͒ has been derived from a detailed analysis of the evolution of the spin system using the density operator formalism. As the first-order quadrupole interaction is taken into account throughout the experiment, consisting in exciting the spin system with two pulses either in phase or in quadrature phase and separated by a delay 2 , the results are valid for any ratio of the quadrupole coupling, Q , to the amplitude of the pulses, rf . These results are applicable to light nuclei at high magnetic field, for which the second-order quadrupole interaction and the chemical shift anisotropy are negligible. We predict (4I 2 Ϫ1)(2IϪ1)/16 echoes and their positions in the detection period 4 , ͑IϪ1/2͒ 2 of which are allowed echoes, the others being forbidden echoes. All of these echoes are satellite-transition signals, which are superimposed on the free induction decay ͑FID͒ of the central transition following the second pulse. This means that 2 must be short when compared to the duration of the central-transition FID. In other words, during 2 the magnetic dipole interactions have no time to affect the evolution of the spin system. The behavior of the 4 ϭ 2 echoes versus the second-pulse flip angle rf t 3 is analyzed: in the hard-pulse excitation condition ͑ Q / rf Ӷ1͒, the ͑Ϯ1/2↔Ϯ3/2͒ echoes generated by two pulses in quadrature phase are twice as large as those generated by two in-phase pulses; the echoes of the other transitions have comparable amplitudes. The echo amplitudes in the soft-pulse excitation condition ͑ Q / rf ϭ1͒ are also presented.
I. INTRODUCTION
Nuclei that possess a quadrupole moment Q have also a spin I larger than 1/2 and are called quadrupole nuclei. They interact with the electric field gradient ͑EFG͒ generated by their surroundings. The coupling of Q with an EFG is called quadrupole interaction H Q .
1,2 Solid-state nuclear magnetic resonance ͑NMR͒ deals with the case where H Q behaves as a weak perturbation of the Zeeman interaction, the coupling between the nuclear spin and the external strong static magnetic field B 0 . As a result, only the first two perturbation terms of H Q are considered: ͑i͒ the first-order quadrupole interaction H Q (1) , which is independent of B 0 , and ͑ii͒ the second-order quadrupole interaction H Q (2) , which is inversely proportional to B 0 . As the strength of B 0 increases steadily, H Q
(1) will become the dominant interaction for light nuclei such as sodium or aluminum at high magnetic field B 0 or more generally for nuclei located in nearly cubic symmetry environment whose EFG is weak. In contrast, for heavy nuclei such as vanadium 3 or cobalt 4 the chemical shift anisotropy will become important. At low magnetic field B 0 , H Q (2) predominates over the other interactions. Quadrupole nuclei that possess a half-integer spin account for about three quarters of elements in the Periodic Table. In the remainder of the paper, the corresponding spins ͑Iϭ3/2, 5/2, 7/2, and 9/2͒ are called half-integer quadrupole spins. These spins are extensively used to probe static and dynamic microscopic phenomena accompanying reversible phase transitions in solids. 5, 6 Two aspects appear in the NMR literature of half-integer quadrupole spins: One deals with transition frequencies between energy levels related with line positions and line shapes in frequency domain; the other focuses on signal intensities or echo amplitudes, which also affect the line shapes, and echo positions in time domain. These two aspects are associated with the evolution of the spin system in absence and in presence of radio-frequency ͑rf͒ pulses, respectively. The frequency domain studies are dominated by mechanical rotation of the sample, namely, magic-angle spinning ͑MAS͒, [7] [8] [9] variable-angle spinning ͑VAS͒, [10] [11] [12] dynamic-angle spinning ͑DAS͒, [13] [14] [15] [16] double rotation ͑DOR͒, [15] [16] [17] or multiple-quantum ͑MQ͒ MAS. [18] [19] [20] [21] In fact, both aspects appear naturally when the dynamics of the spin system, excited by a complex pulse sequence, are described by the density operator. [22] [23] [24] [25] [26] When the latter is written as a matrix, the elements located in the main diagonal are the polarizations, those located in the other diagonal are known as on-resonance coherences, and the remainder of the elements are called off-resonance coherences.
When the sample is a single crystal, a central line ͑1/2↔ Ϫ1/2͒, which is not affected by H Q (1) , and 2IϪ1 satellite lines whose splitting depends on H Q (1) appear in the spectrum. All of these lines are shifted by H Q (2) . But in most practical cases, the sample is a powder whose powder pattern provides us, via line-shape analysis, [7] [8] [9] [10] [11] [12] 25, [27] [28] [29] with two parameters-the quadrupole coupling constant e 2 qQ/h and the asymmetry parameter . These two parameters allow us to determine the true chemical shift of a line, which is related to mean bond angles in a compound. 30 The powder pattern of all single-quantum ͑1Q͒ transitions is observed when H Q (1) is the dominant interaction with a small e 2 qQ/h value. For example, e 2 qQ/hϭ118 kHz for AlCl 3 •6H 2 O. 31 The central line is symmetrical, narrow, and superimposed on the symmetrical broad powder pattern of the satellite transitions. For stronger e 2 qQ/h values, the satellite powder pattern is difficult to detect. But rotating the sample at magic angle with fast spinning rate reveals the spinning sidebands of satellite transitions whose envelope is nearly identical to the powder pattern of a static sample. 8, 28 When H Q (2) becomes important, mainly the powder pattern of the central transition is observed, that of the satellite transitions is smeared out over MHz range.
Broad powder patterns are distorted by the dead time of the receiver of a spectrometer. The common way for recovering the lost part of the signals is to apply a two-pulse spin-echo sequence: under the Solomon echo conditions for recovering the powder pattern of the satellite transitions, or under Hahn echo conditions for recovering that of the central transition, [32] [33] [34] or those of all 1Q transitions. 35 Until now, we have succeeded in treating these two types of echoes analytically for Iϭ3/2 and 5/2 in static samples. In considering only H Q (1) throughout the experiment, that is, even during the pulses, the positions and the amplitudes of echoes are obtained. The excitation of the spin system that takes into account interactions other than the coupling of the spin with the rf magnetic field B 1 is called soft-pulse excitation. Otherwise, the excitation is known as hard-pulse excitation, which is the limiting case of the soft-pulse excitation. However, experimentally the hard-pulse excitation is not always fulfilled. The predicted echoes are of Solomon type since all of them are satellite-transition signals. 23, 36, 37 The central transition has no echo but a free induction decay ͑FID͒ following the second pulse, because H Q (1) has no effect on the central transition. In addition, the secular part of the heteronuclear magnetic dipole interaction I z has to be introduced during the interpulse delay 2 and the detection period 4 for the Hahn echoes. [38] [39] [40] As a result, an echo for the central transition is predicted. In fact, I z has various meanings depending on the samples: it may also represent the chemical shift, the resonance offset, 41 or the inhomogeneity of B 0 as in the original paper of Hahn. 42 We have to emphasize on the fact that the analytical approach to determining echo positions and echo amplitudes increases in complexity with the magnitude of the spin.
From an experimental point of view, the pulse sequence used for exciting the spin system is the same for both Solomon and Hahn echoes. The main difference is the numerical value of 2 . For Solomon echoes 2 is much shorter than the duration T FID of the FID of the central transition, on which are superimposed the echoes. So the magnetic dipole interactions have no time to affect the evolution of the spin system during the interpulse delay. 1, 23 In other words, the spin-spin relaxation has negligible effects on the echo amplitudes. In contrast, for the Hahn echoes 2 is about one T FID if we alternate the phase of the second pulse, which cancels the FID following the second pulse but does not disturb the Hahn echoes. Otherwise 2 should be about twice T FID in order to separate the echoes from this FID. Reducing 2 from two to one T FID improves the signal-to-noise ratio dramatically. During the interpulse delay, the magnetic dipole interactions have time to dephase all coherences generated by the first pulse, in particular that of the central transition, and to refocus them as echoes during the detection period. The echo amplitudes appear small, however.
As H Q is a single-spin multiple-energy level interaction, MQ transitions between two nonconsecutive energy levels viewed in the laboratory frame whose z axis is represented by B 0 , as well as 1Q transitions occur simultaneously. We treated the effects of MQ transitions during an Hahn echo sequence for the four half-integer quadrupole spins in static samples. 40 Echoes located at 4 ϭ 2 and at odd numbers of 2 represent the refocusing of 1Q and MQ coherences generated by the first pulse, respectively. Each Hahn echo is associated with one particular coherence generated by the first pulse. The effects of MQ transitions during a Solomon echo sequence still remain not well known. In this paper, we examine in some detail the positions and the amplitudes of the Solomon echoes, as well as the MQ effects for the four halfinteger quadrupole spins in static samples. To begin with, we briefly overview the results of literature. In most cases, these echoes have been called spin echoes whose positions are referred from the end of the first pulse, because the analysis started from the end of the first pulse, which is a /2 pulse. Therefore, the initial state of the spin system was described by the density matrix ͑0͒ϭI y . The symbol defines the interpulse delay.
Bonera and co-workers 43, 44 applied the spin-echo sequence for recovering the ͑Ϯ1/2↔Ϯ3/2͒ satellite-transition signals of 81 Br ͑Iϭ3/2͒ in single crystals of KBr and NaBr, plastically deformed by about 5%. The only echo for a spin Iϭ3/2 system is located at 2 from the end of the first pulse. Theoretically, they showed that the behavior of the 2 echo amplitude versus the second-pulse flip angle depends on the phase of the second pulse with respect to that of the first. The sequence with two pulses in quadrature phase generates an echo amplitude twice as large as that generated with two in-phase pulses, but under the hard-pulse condition, which is satisfied in compounds with structures of nearly perfect cubic symmetry. Subsequently, Warren and Norberg 45 studied
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Xe ͑Iϭ3/2͒ in solid Xe. Jeffrey 46 used this technique to study the phase transition from a rhombohedral structure at high temperature to a monoclinic structure at low temperature in a polycrystalline sample of NaN 3 by observing the signal of 23 Na ͑Iϭ3/2͒. Halstead and co-workers 47 extended the study of 81 Br in KBr to three-pulse sequences. However, when H Q (1) and rf are of the same order of magnitude, experimental results and theory disagree. Recently, Campolieti and co-workers 48 investigated the spin Iϭ3/2 system excited with two soft pulses. Cosine as well as derivative echoes were observed. Our analytical expression 49 for the 2 echo amplitude of a spin-3/2, excited by two in-phase soft pulses, becomes equivalent to that of Bonera and Galimberti 43 at the limiting case of the hard-pulse excitation. Solomon 1, 23 showed experimentally on 127 I ͑Iϭ5/2͒ in KI and theoretically that multiple echoes can be observed. He distinguished two kinds of echoes: four allowed echoes located at 3/2, 2, and 3, and two forbidden echoes located at 5/2 and 4. The former are due to the selection rule ⌬mϭϮ1, and the latter to ⌬mϭϮ2. He also pointed out that the first-pulse duration has an important effect on the amplitudes of the forbidden echoes. Weisman and Bennett 50 extended the investigation of Solomon to two pulses in quadrature phase, but under the hard-pulse excitation condition. They predicted that phase shifting the second pulse relative to the first doubles the amplitude of the 2 echo and enhances the echoes located at 3/2 and 3 by a factor of 5. They skipped the forbidden echoes, but noticed that the relations breakdown when the hard-pulse excitation is not fulfilled. Both allowed and forbidden echoes were observed again in KI by Sanctuary, Halstead and co-workers, [51] [52] [53] who extended the work to three-pulse sequences but always under the hard-pulse excitation condition. The allowed echoes of 127 I in KI were also observed by Butterworth 24 when he discussed the influence of the inhomogeneity of B 0 on the Solomon echoes. Ni and Sears, 54 who treated the hexadecapole interaction in KI using three-pulse sequences, also observed the allowed echoes with two-pulse sequences.
Only one paper has dealt with the Solomon echoes in a spin Iϭ7/2 system, 51 V in a series of V 3 X compounds. 55 The echo positions and the analytical expressions for the spin Iϭ7/2 echo amplitudes should be obtained in a way similar to those for the spin Iϭ5/2 system, 36,37 using the results derived for a one-pulse experiment. 56, 57 However, this is not the case for the spin Iϭ9/2 system, which requires the solution of a fifth-degree equation. To date, it has not been possible to solve it by radicals. To our knowledge, there is neither experimental nor theoretical results about the Solomon echoes in a spin Iϭ9/2 system. Recently, in order to understand the effects of H Q (1) during the two pulses on the Solomon echoes of a spin Iϭ5/2 system, we examined the soft-pulse excitation condition from the thermodynamic equilibrium of the spin system, which is described by the density operator ͑0͒ϭI z . 36, 37 The investigation started with two in-phase pulses. First, the analytical expression of all of the 1Q and MQ coherences and the polarizations generated by a Ϫx pulse were obtained. 58 Then the 1Q coherences at the end of the second Ϫx pulse were calculated analytically. 59 Finally, the effects of H Q (1) on these 1Q coherences during the detection period were analyzed. 36 All of these tedious calculations were made possible thanks to Mathematica. As a result, the position of the echoes and the analytical expression of their amplitudes were obtained. The six echoes of a spin Iϭ5/2 system were revealed by our computation. Four of them are the allowed echoes, arising from the refocusing of 1Q and MQ offresonance coherences generated by the first pulse. The other two are the forbidden ones, arising from the refocusing of MQ off-resonance coherences. In addition, each echo can take any shape ranging from a bell-shaped curve to a sineshaped one, depending on the experimental conditions. Starting the analysis from the thermodynamic equilibrium of the spin system allowed us to predict the effect of the first-pulse duration on the echo amplitudes. Using again Mathematica, the same approach was followed for investigating two pulses in quadrature. 37, 60 The six echoes are located at the same positions; only their amplitudes differ.
The present paper deals with the Solomon echoes obtained in the soft-pulse excitation condition for the four halfinteger quadrupole spins. We choose to investigate the response of a single crystal. Application to polycrystalline samples mainly requires a computer averaging of the echo amplitudes. The echo positions are identical for a single crystal or a powder. This time, our approach radically differs with that described above. The echo positions are obtained without calculating the 1Q coherences in the detection period explicitly. They are obtained after a detailed analysis of the condition on the echo formation. The analysis is parallel to that we undertook with Hahn echoes. 40 In contrast, the coherences generated by the first pulse and thus the echo amplitudes have to be calculated numerically. Due to an important property of MQ coherences, we need to investigate the two in-phase pulse sequence only. The coherences generated by an Ϫx pulse and those by an y pulse in a one-pulse experiment are related by simple transformations. This numerical procedure, valid for the four half-integer quadrupole spins, enables us to check our previous analytical results on the spin Iϭ5/2 system and to investigate the spin Iϭ7/2 and 9/2 systems without waiting for analytical results. The paper is organized as following. Section II is devoted to calculating the density operator describing the spin dynamics throughout the experiment and to determining the echo positions in the detection period. For a given spin I, (4I 2 Ϫ1)(2IϪ1)/16 echoes are predicted, ͑IϪ1/2͒ 2 of which are allowed echoes, the others being forbidden echoes. Each echo is the refocusing of four off-resonance coherences generated by the first pulse. For the allowed echoes, these four coherences consist of two 1Q coherences and two MQ coherences. For the forbidden echoes, the four are MQ coherences. Section III outlines the numerical procedure for calculating the echo amplitudes as a function of the durations of the two pulses. The behavior of the 2 echo amplitudes versus the second-pulse flip angle, for two ratios of Q / rf ͑0.001 and 1͒, is analyzed, Q being the quadrupole coupling. In fact, our results are valid for any Q / rf ratio. The echoes generated by two pulses in quadrature phase are twice larger than those obtained with two in-phase pulses. For the other echoes located at the same position, the two sequences give comparable echo amplitudes. As all of these echoes are satellitetransition signals, it is not possible to obtain quantitative results about the number of spins in a powder sample.
II. THEORY
The magnetic number m is used for labeling the energy levels of a spin I in a magnetic field B 0 ͑Fig. 1͒. Secondorder quadrupole effects, magnetic-dipole interactions, as well as spin relaxation phenomena are assumed to be negligible. These conditions are fulfilled by light nuclei at high magnetic field B 0 or nuclei located at nearly cubic symmetry environments. Furthermore, the interpulse delay must be much shorter than T FID . With these assumptions, the Hamiltonian ͑in angular frequency units͒ of the spin system, expressed in the rotating frame associated with the central tran-sition, consists of two terms: ͑i͒ rf I x , the coupling of the spin system with the rf magnetic field along the Ϫx axis and ͑ii͒
͑2͒
The first two Euler angles ␣ and ␤ orient B 0 in the principal axis system of the EFG tensor. Our quadrupole coupling Q is equal to half the standard one, 1 which means that two consecutive absorption lines in the spectrum of a single crystal are separated by 2 Q .
A. Density operator describing the Solomon echo sequence
Two sequences are usually applied experimentally: two in-phase pulses ͕ϪX͖-2 -͕ϪX͖-͓detection͔, and two pulses in quadrature phase ͕Y ͖-2 -͕ϪX͖-͓detection͔.
They differ by the phase of the first pulse. Fortunately, we do not need to study both sequences because their results are related by simple transformations ͑vide infra͒. Since the x and y components of the (mϪ1↔m) the analysis of echoes is equivalent to dealing with density operator. The parameters t 1 and t 3 are the first-and the second-pulse durations, respectively. Throughout the paper, the matrices associated with Hamiltonians and density operators are expressed in the eigenstates ͉m͘ of I z .
Generation of multiple-quantum coherences by the first pulse
The density operator ͑t 1 ͒ at the end of the first Ϫx pulse is defined by 
the subscripts a and b are magnetic numbers satisfying aϽb.
In previous papers, 31, 59 we used the fictitious spin-1/2 operator notation, 62 jϭIϪmϩ1, for labeling the energy levels and the coherences generated by the first pulse, and for numbering the rows and the columns of a matrix. The magnetic number m is a half-integer number, whereas j is an integer number. Unfortunately, m and j vary in the opposite direction. When m decreases from I to ϪI, j increases from 1 to 2Iϩ1. For this reason, the relationships between the kQ coherences ͗I ϩ r,rϩk ͘ and ͗I Ϫ r,rϩk ͘ associated with a Ϫx pulse and those of a y pulse ͗S ϩ r,rϩk ͘ and ͗S Ϫ r,rϩk ͘ have to be modified according to the notation used. With the j notation, the kQ coherences are related by the following relationships 60 :
͑8͒
The integer k can take a positive or a negative value. Equation ͑8͒ is in agreement with the MQ spectroscopy: 61, 63, 64 When the phase of the rf pulse is shifted by ␦, a kQ coherence sees an apparent phase of k␦, but the polarizations remain unchanged. In our case, relative to a Ϫx pulse, a y pulse is dephased by Ϫ/2; on the other hand, the kQ coher- However, MQ coherences and polarizations generated by an rf pulse in a single-pulse experiment are not detectable directly by a coil; only 1Q coherences are detectable. A second pulse is required to convert them into 1Q coherences. Equations ͑8͒ and ͑9͒ make a detailed study of both Solomon echo sequences unnecessary. In the remainder of this section, the two-in-phase-pulse sequence is analyzed.
Conversion of multiple-quantum coherences to single-quantum coherences
The spin dynamics during the detection period is described by the density operator (t 1 , 2 ,t 3 , 4 ). According to the conventions used in the MQ spectroscopy, the matrix elements of (t 1 , 2 ,t 3 , 4 ) associated with the Ϫ1Q coherences are considered, namely:
The subscripts (mϪ1,m) in Eq. ͑10͒ locate the matrix element in the first diagonal line below the main diagonal. The matrix elements mϪ1,m (t 1 , 2 ,t 3 ) are those of the density operator (t 1 , 2 ,t 3 ) at the end of the second pulse. For the central transition ͑mϭ1/2͒ Eq. ͑10͒ shows that the matrix element remains unchanged after the second pulse. This is due to the fact that H Q (1) shifts the two energy levels of the central transition by the same quantity. This means that there are no echoes for the central transition whose signal is merely the FID following the second pulse, on which are superimposed the echoes of the satellite transitions. Thus, the interpulse delay must be shorter than T FID , which is in agreement with our assumptions. Since the echoes are satellite signals, that is, off-resonance signals, we cannot rely on their intensities for quantifying the number of spins in a polycrystalline sample where there is a distribution of quadrupole coupling.
B. Positions of the echoes in the detection period
As our aim is to analyze the maximum amplitudes of the Solomon echoes, which are identical for a pair of symmetrical transitions (mϪ1↔m) and (Ϫm↔Ϫmϩ1), we restrict ourselves to studying the transitions with mϾ1/2, that is, 2mϪ1Ͼ0. First of all, we have to determine the echo positions in the detection period.
Multiple-quantum coherences involved in the echo formation
From Eq. ͑10͒, it is obvious that only a part of each matrix element mϪ1,m (t 1 , 2 ,t 3 ) containing terms such as exp͕Ϫni 2 Q (2mϪ1)͖ is relevant for the analysis of the echoes, n being a positive integer. This also means that the matrix elements of the density operator ͑t 1 , 2 ͒ at the end of the interpulse delay that contain the same exponential functions are involved. As a result, we can consider a simplified density operator S (t 1 , 2 ) whose matrix elements are given by
The condition on the two magnetic numbers r and c is r 2 Ϫc 2 Ͼ0, since we deal with the condition 2mϪ1Ͼ0 as mentioned above. In other words, the matrix elements, whose absolute value of the magnetic number associated with a row of the matrix is greater than that of a column, are involved in the echo formation. If r 0 and c 0 satisfy the inequality, then these four elements are: Table I . The rectangle in this table encloses the matrix elements for Iϭ5/2. These values of (r,c) also concern the density operator ͑t 1 ͒ in Eq. ͑11͒. They generate a simplified density operator S (t 1 ). The analytical expressions of these simplified density operators are unknown; they are characterized by their matrices only. For this reason, in the remainder of the paper, simplified density operator and simplified density matrix are synonymous.
Let us proceed one step further by including in the matrix S ͑t 1 , 2 ͒ the exponential functions, exp[i 4 Q (2mϪ1)], contained in Eq. ͑10͒. This transformation leads to ͑IϪ1/2͒ matrices (mϪ1↔m)S ͑t 1 , 2 , 4 ͒ whose upper left quarter part is reported in Table II. This table  represents the matrix for a spin Iϭ9/2 system and there is a matrix for each value of mϾ1/2. The superscripts of (mϪ1↔m)S ͑t 1 , 2 , 4 ͒ indicate the corresponding satellite transition (mϪ1↔m). For a spin IϽ9/2, as already mentioned above, only a part of this matrix is useful. Note that four elements of (mϪ1↔m)S ͑t 1 , 2 , 4 ͒ are associated with one particular Solomon echo whose nature ͑allowed or forbidden echo͒ and position are already indicated in this matrix. By definition, an allowed echo is the refocusing of two 1Q and two nQ coherences generated by the first pulse; on the other hand, a forbidden echo is the refocusing of two couples of nQ coherences. The simplified density matrices in Tables I  and II show that the two nearest neighboring diagonal lines of the main diagonal consist of Ϯ1Q coherences, the two next nearest neighboring diagonal lines Ϯ2Q coherences, and so on. For each satellite transition (mϪ1↔m), ͑IϪ1/2͒ echoes among ͑4I 2 Ϫ1͒/8 are allowed echoes. Therefore, for a given spin I, there are (4I 2 Ϫ1)(2IϪ1)/16 echoes, ͑IϪ1/2͒ 2 of which are allowed echoes. However, a spin Iϭ3/2 system has no forbidden echo but only one allowed echo located at 4 ϭ 2 . )͘, generated by the first pulse, depend on the first-pulse duration t 1 , and exp(n)ϵexp͑Ϫi 2 n Q ͒. 
Allowed and forbidden echoes for a spin I‫2/5؍‬ system
Consider a spin Iϭ5/2 system, which is the simplest example presenting forbidden echoes. Table II ͘ are involved. For the outer-satellite transition ͑3/2↔5/2͒, that is mϭ5/2, the above three groups of four coherences represent the allowed echo located at 4 ϭ 2 , the forbidden echo located at 4 ϭ3 2 /2, and the allowed echo located at 4 ϭ 2 /2, respectively. These results agree with our former ones obtained using Mathematica.
Allowed and forbidden echoes for the four half-integer quadrupole spins
In Table III are given the positions of the echoes for the four half-integer quadrupole spins, as well as the two positive magnetic numbers (r,c) associated with the four coherences ͗I Ϫ r,c (t 1 )͘ generated by the first pulse and refocused by the second pulse. Each Solomon echo is associated with four coherences generated by the first pulse. Allowed echoes are written with bold characters, whereas forbidden ones are in normal characters. For simplicity, Fig. 2 only shows the positions of the allowed echoes of the four half-integer quadrupole spins. The complex exponential functions in the matrices (mϪ1↔m)S ͑t 1 , 2 , 4 ͒ mean that each echo, in fact, consists of two contributions: a derivative-shaped echo and a bell-shaped echo. The first one has no effect on the maximum amplitude of the second but modifies its shape. As a result, the echoes can take any shape ranging from a symmetrical bell to an asymmetric sine-like curve, depending on the experimental conditions. When the echoes have symmetrical shapes, their widths for different (mϪ1↔m) satellite transitions are inversely proportional to (2mϪ1) Q . The outermost (IϪ1↔I) satellite-transition echoes are the sharpest.
Solomon echoes have been studied in a series of vanadium ͑Iϭ7/2͒ compounds V 3 X͑XϭIr, Pt, Rh, Au, Os, Co, Ni͒ 55 because the quadrupole coupling constants e 2 qQ/h are weak, in the range of 0.1-4 MHz. Echoes with symmetrical bell to asymmetric sine-like shapes have been observed for vanadium and cobalt nuclei. The two rf pulses are separated by an interpulse delay and the time origin starts from the end of the first pulse. The echoes are located at tϭ4/3, 3/2, 5/3, 2, 5/2, 8/3, 3, 7/2, 4, 6, and 7. In the present paper, the echoes of a spin Iϭ7/2 system are located at 4 ϭ 2 /3, 2 /2, 2 2 /3, 2 , 3 2 /2, 5 2 /3, 2 2 , 5 2 /2, 3 2 , 5 2 , and 6 2 ͑Table III͒. Therefore, we agree in echo positions. In contrast, the present paper has defined an allowed echo as an echo representing the refocusing of four coherences generated by the first rf pulse, two of them are 1Q coherences and the other two are MQ coherences. On the other hand, Schoep and co-workers 55 defined an allowed echo as an echo associated with 1Q coherences generated by the first pulse. As a result, we differ in the way of defining the nature of an echo. Furthermore, Table III clearly points out the transition (m Ϫ1↔m) associated with each echo, as well as the four coherences (͉r͉↔͉c͉) generated by the first pulse and refocused by the second pulse. These data are not explicitly given in the paper of Schoep and co-workers.
The increasing number of echoes with the spin I makes difficult the experimental study: To distinguish the echoes, the interpulse delay 2 should be long enough; however, the spin-spin relaxation drastically reduces the amplitude of the echoes located far from the second pulse. Furthermore, the shape of an echo varies with the excitation of the spin system. Until now, the origin of the forbidden echoes are not well understood. All of these facts explain why the Solomon echoes are not as often applied as the Hahn echoes. It is not surprising that there is no experimental result on a spin Iϭ9/2 system, considering the number of echoes shown in Table III . Our paper presents a general and compact approach to investigating the Solomon echoes in solids for the four half-integer quadrupole spins. This work should generate a renew interest of Solomon echoes for the investigation of EFG in solids.
III. NUMERICAL PROCEDURE FOR THE ECHO AMPLITUDES
The effect of the second pulse on each (mϪ1↔m)S (t 1 , 2 , 4 ) is described by
Equations ͑4͒ and ͑12͒ have similar forms. In the first case, the initial state is described by ͑0͒ϭI z , whereas in the second it is given by (mϪ1↔m)S (t 1 , 2 , 4 ). The first pulse converts the thermodynamic equilibrium magnetization I z into coherences ͗I Ϫ p,q (t 1 )͘, ͗I Ϫ a,b (t 1 )͘ and other polarizations. The second pulse refocuses as echoes the coherences ͗I Ϫ r,c (t 1 )͘ of S (t 1 ) ͑Table II͒ generated by the first pulse. In brief, the study of the Solomon echoes requires the determination of only ͑IϪ1/2͒ matrix elements mϪ1,m (mϪ1↔m)E (t 1 , 2 ,t 3 , 4 ) located in the first diagonal line below the main diagonal of (mϪ1↔m)E (t 1 , 2 ,t 3 , 4 ). 4 , transitions ͉r͉↔͉c͉ of ͗I Ϫ r,c (t 1 )͘ and nQ coherences generated by the first pulse and refocused by the second for the four half-integer quadrupole spins. The characteristics of the allowed echoes are written with bold characters and those of the forbidden echoes are in normal characters. For simplicity, we only present the results for the 4 ϭ 2 echoes, which are allowed echoes, for the four half-integer quadrupole spins Iϭ3/2, 5/2, 7/2, and 9/2. Despite the fact that several echoes are superposed at 4 ϭ 2 , it is still worth studying these echoes because all of the satellite transitions are present. Furthermore, they have different widths as mentioned in the above section, which enables us to distinguish them. Figures 3-6 represent the maximum echo amplitudes E ϪxϪx mϪ1,m ͑t 1 , 2 , t 3 , 4 ϭ 2 ͒ associated with two in-phase pulses and the maximum echo amplitudes E yϪx mϪ1,m ͑t 1 , 2 , t 3 , 4 ϭ 2 ͒ associated with two pulses in quadrature phase versus the second-pulse flip angle rf t 3 . The first-pulse flip angle is rf t 1 ϭ/2 for the hard-pulse excitation ͑ Q / rf ϭ0.001͒ or 3/10 in the soft-pulse excitation ͑ Q / rf ϭ1͒. The symbols and ᭡ represent the x and y components of the echoes for Q / rf ϭ0.001, while ᮀ and ᭝ represent the corresponding components for Q / rf ϭ1. Therefore, four graphs should be plotted; but if an echo amplitude is too small, the data are not shown. Remember that we are analyzing the maximum value of an echo located at 4 ϭ 2 , that is, the maximum amplitude of a symmetrical bell-shaped echo. Zero echo amplitude does not mean no echo. The experimental echo may have a sinelike curve, as already mentioned in the previous section. Due to the fact that Ϫx pulses are used in our papers, the echoes are in the opposite direction to those predicted by other authors.
Iϭ3/2
The graphs of the 4 ϭ 2 echo amplitudes for a spin Iϭ3/2 system are shown in Fig. 3 . In the literature, this echo is not called Solomon echo since there are no forbidden echoes for a spin Iϭ3/2 system. It is called rather a quadrupole echo. But in fact, the hypotheses are identical to those of Solomon. In the hard-pulse excitation, the echo generated with the two in-phase pulses is detected in the y-channel; in contrast, the echo generated with two pulses in quadrature phase is detected in the x channel. This experimental detail is not clearly mentioned in the literature. Otherwise, our results agree with those of Bonera and Galimberti, 43 and those of Butterworth. 24 The sequence with two pulses in quadrature phase doubles the echo amplitude with respect to the sequence with two in-phase pulses. A general remark, valid even for the other quadrupole spins and the other 4 ϭ 2 satellite-transition echoes: in the hard-pulse excitation condition, the echoes generated by two in-phase pulses change their signs according to the second-pulse flip angle rf t 3 ; on the other hand, the echoes generated by two pulses in quadrature phase keep their sign constant, independently of rf t 3 . In the soft-pulse excitation condition, the echo amplitudes become smaller. For Iϭ3/2 only one echo is superimposed on the FID of the central transition, a spectrum can still be obtained by the Fourier transform of the time domain   FIG. 3 . The 4 ϭ 2 echo amplitudes of a Iϭ3/2 spin vs the second-pulse flip angle rf t 3 . The echo amplitudes E ϪxϪx mϪ1↔m and E yϪx mϪ1↔m are associated with two in-phase pulses and two pulses in quadrature phase, respectively; their x components for two Q / rf ratios: ͑͒ 0.001, ͑ᮀ͒ 1; and their y components for two Q / rf ratios: ͑᭡͒ 0.001; ͑᭝͒ 1. The first-pulse flip angle rf t 1 is /2 and 3/10 for the two Q / rf ratios 0.001 and 1, respectively. If a ratio is not represented, it means that the corresponding echo amplitude is negligible. signal starting from the top of the echo. 46 But this is not possible for higher spins, which have echoes located at several places in the detection period as indicated in Table III . The Fourier transform is not valid. However, since the 4 ϭ 2 satellite-transition echoes are the largest ones, the measurements must be performed with a suitable interpulse delay 2 so that these echoes are isolated from the others. After the time-domain signal acquisition we truncate all the data points of the signals occurring after the 4 ϭ 2 satellitetransition echoes. As a result, the Fourier transform becomes valid. The main drawback is the distortion of the centraltransition lineshape due to this truncation. Fortunately, the lineshape of the satellite-transitions are not distorted. For common molecular systems which are powders, the powder pattern of the satellite-transitions provide us with the quadrupole coupling constant e 2 qQ/h and the asymmetry parameter . Figure 4 represents the results for a spin Iϭ5/2 system. They agree with our previous analytical results. 36, 37 The only difference concerns the numerical values of the echo amplitudes. In the previous papers, the echo amplitudes were multiplied by 70 in order to compare them with the results of Weisman and Bennett, 50 and the amplitudes of the symmetrical satellite transitions were taken into account merely by multiplying the data by 2. In the hard-pulse excitation condition, the behaviors of the echo amplitudes versus rf t 3 are exactly those of Solomon 1, 23 and Weisman and Bennett. 50 The results for the spins Iϭ3/2 and 5/2 prove the correctness of our numerical procedure. Figures 5 and 6 concern the results for the spins Iϭ7/2 and 9/2, respectively. Figures 4-6 show that only the echo amplitudes of the ͑1/2↔3/2͒ satellite transition, obtained with two pulses in quadrature phase, are enhanced by a factor of 2 with respect to the echo amplitude obtained with two in-phase pulses. The echo amplitudes of the other satellite transitions are not improved.
IV. CONCLUSIONS
The response of a half-integer quadrupole spin, submitted to the first-order quadrupole interaction and excited by two soft pulses, has been analyzed from the thermodynamic equilibrium to the detection period using the density operator. The results are applicable to light nuclei at high magnetic field or nuclei located in nearly cubic symmetry environment whose EFG is weak. The Solomon echo positions for the four half-integer quadrupole spins are defined. Each echo is the refocusing of four off-resonance coherences generated by the first pulse. All of these echoes are satellite-transition signals, which implies that quantitative data, as such the number of spins in the sample, cannot be obtained from the echo amplitudes. Two pulses in quadrature phase generate stronger echo amplitudes than two in-phase pulses. A numerical procedure for calculating the maximum of each echo amplitude is proposed. These echo amplitudes depend on the two pulse durations and the Q / rf ratio. The smaller the Q / rf ratio, the stronger the echo amplitudes. The presence of Solomon echoes is the fingerprint of the deviation from perfect cubic symmetry of a structure.
